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Several experimental works have reported that a single high-energy photon could generate multiple excitons
in semiconductor nanocrystals and several theories have been proposed to explain these results. Using a
tight-binding method, we calculate the electronic structure of InAs, Si, and PbSe nanocrystals and we inves-
tigate two models of the multiple exciton generation �MEG�. We show that the impact ionization process is
efficient at high energy, with lifetimes as small as 10 fs. The behavior of the impact ionization rate versus the
energy is basically the same in all materials in spite of large differences in their electronic structure. We present
simulations of the MEG showing that, in PbSe and Si nanocrystals, the impact ionization alone cannot explain
the efficiencies measured at high energy, even in the limit where there is no relaxation of the excited carriers
by electron-phonon scattering. In InAs nanocrystals, the impact ionization process could only explain the
lowest yields reported in the literature. We calculate the spectral densities of multiexciton states and we
evaluate the possibility of direct and instantaneous photogeneration of multiexcitons. We confirm the impor-
tance of the multiexciton spectral densities in the MEG problem because of their rapid variation over several
orders of magnitude as a function of the energy. However, we show that the high MEG efficiencies in PbSe and
Si nanocrystals, up to seven excitons per photon, would imply a very efficient relaxation in multiexciton states,
whereas they are characterized by a negligible density.
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I. INTRODUCTION

When photons of energy h� are absorbed in a bulk semi-
conductor of band gap �g, a large part of the excess energy
h�−�g is converted into heat due to the thermalization of the
carriers by electron-phonon scattering. This effect strongly
limits the efficiency of conventional solar cells. Recently, it
was claimed that this limitation could be overcome in semi-
conductor nanocrystals due to the formation of multiexcitons
by carrier multiplication.1,2 The multiple exciton generation
�MEG�, if efficient, could boost the applications of nanocrys-
tals in the field of solar energy conversion.

Efficient MEG was first reported in PbSe and PbS
nanocrystals1,3,4 and was later observed in CdSe
nanocrystals.5,6 More recently, it was also measured in InAs
�Refs. 7 and 8� and Si nanocrystals.9 All these results suggest
that the phenomenon is general to nanocrystalline materials
in spite of large differences in their electronic structure.
However, the origin and even the existence of an efficient
MEG in nanocrystals remain largely discussed. Recent mea-
surements by transient photoluminescence spectroscopy on
CdSe and CdTe nanocrystals10 have found no evidence for
MEG in deep contrast to previous reports.6 A complete
theory has yet to explain the efficiency of MEG which seems
to be incompatible with the experiments showing that ex-
cited carriers efficiently cool by phonon relaxation.11–14 It is
also intriguing that, at high photon energy, the number of
generated excitons is often close to the absolute maximum
imposed by the energy conservation rule �equal to the integer
part of h� /�g�.5

Several models have been proposed to interpret the ex-
periments. The simplest process which could be at the origin
of the MEG is the impact ionization, when an excited carrier

decays to a lower-energy state and its energy is transferred to
create an extra electron-hole pair.1 Indeed, tight-binding15

and pseudopotential16 calculations predict fast relaxation of
excited carriers by impact ionization in PbSe and PbS nano-
crystals, with lifetimes smaller than 1 ps in a wide range of
energy.15 However, we have presented simulations of the re-
laxation process in PbSe and PbS nanocrystals, showing that
an efficient impact ionization is not sufficient to explain the
observed MEG yields at high energy �h��3�g�.15 Two ef-
fects explain this result. First, after the absorption of a pho-
ton of energy h�, the excess energy h�−�g is distributed
between the electron and the hole. Second, the relaxation
energy in the impact ionization process is in average larger
than �g, which tends to reduce the excess energy available
for the remaining carriers. Therefore, the extremely high
yields �up to 700%� �Ref. 4� experimentally obtained can be
only explained if there are other mechanisms of energy trans-
fer between the excited particles �beyond the simple impact
ionization process� which tend to optimize the number of
excitons.

The analysis of the exciton population dynamics indicates
that the MEG is almost an instantaneous event,4 which is
also difficult to reconcile in the mechanism of impact ioniza-
tion. Thus, two models have been proposed, in which the
multiexciton states are directly photogenerated. In the first
model, single-exciton states are coupled to multiexciton
states via virtual single-exciton states �second-order pertur-
bation theory�.4 In the second model, the authors consider a
coherent superposition of all the excitonic states of same
energy.17 Even if these two models shed new light on the
MEG problem, there are not conclusive because of their
approximations,10 in particular, they consider a simplified
electronic structure of the nanocrystals and they do not cal-
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culate all the Coulomb matrix elements at the origin of the
coupling between the excitonic states.

In this paper, our objective is to discuss several points
related to the influence of the electronic structure on the
MEG. We study nanocrystals of three semiconductors �PbSe,
Si, and InAs� with very different band structures, and we
compare these systems on the basis of tight-binding calcula-
tions. PbSe is a IV-VI semiconductor characterized by a cu-
bic rocksalt lattice and a narrow band gap at the L point of
the Brillouin zone. Si and InAs have a zinc-blende lattice,
but they differ by the nature of their gap, i.e., indirect for Si
and direct for InAs.

In the first part of the paper, we study the impact ioniza-
tion process in Si and InAs nanocrystals, complementing our
work on PbSe and PbS nanocrystals.15 We show that the
behavior of the impact ionization lifetime versus the energy
of the excited carriers is basically the same in all the mate-
rials because it is mainly governed by the density of final
states like in PbSe nanocrystals.15,16 We simulate the MEG
when the impact ionization is in competition with the relax-
ation by electron-phonon scattering. We obtain that the im-
pact ionization certainly contributes to the MEG but, in Si
nanocrystals, cannot explain the observed yields at high ratio
h� /�g; once again, in line with our results on PbSe and
PbS.15 We also discuss the case of InAs nanocrystals where
quite different experimental results have been recently
published.7,8

In the second part of the paper, we consider the direct
photogeneration of multiexciton states, as proposed in Refs.
4 and 17. In these models, the efficiency of the MEG is
mainly governed by two types of factors: �1� the dephasing
and relaxation rates of the multiexcitons for which there is
no proper description in nanocrystals;10,17,18 and �2� the mul-
tiexciton spectral densities that recent papers have pointed
out the important role.4,15–17,19 References 4 and 17 sug-
gested that the dynamics of the carriers at high energy h�
could be explained by a strong coupling of single-exciton
states to resonant multiexciton ones by Coulomb interac-
tions. In these conditions, the system would naturally evolve
to multiexciton states if their spectral density is high and if
the carrier relaxation is not too fast in the single-exciton
states. We suppose that the probability to find the excited
system in a n-exciton state is approximately given by

pn�h�� =
Nn�h��

�nNn�h��
, �1�

where Nn�h�� is the spectral density of n-exciton states at the
excitation energy h�. In that case, the average exciton mul-
tiplicity is given by �Nx�h���=�nnpn�h��. Thus, our objec-
tive is to evaluate the possible role of multiexciton spectral
densities in the MEG. We present calculations of these quan-
tities in PbSe, Si, and InAs nanocrystals. We obtain that the
spectral densities have a common behavior with a marked
threshold and a variation over many orders of magnitude,
which confirms their importance in the problem. We calcu-
late the average exciton multiplicity �Nx�h��� and we show
that it does not coincide with the observed yields of MEG.
We conclude that the experiments cannot be explained only
by the relative weights of the multiexciton spectral densities,

but that other processes must be also considered. We show
that, in PbSe nanocrystals, at the energies where very high
efficiencies of the MEG are reported �up to 700%�,4 the
states corresponding to these high multiplicities have a neg-
ligible density. Implications of our results are discussed.

II. IMPACT IONIZATION

A. Methodology

The impact ionization rate in InAs and Si nanocrystals is
obtained using the same method as in our previous work on
PbSe nanocrystals.15 First, we calculate the electronic struc-
ture of the nanocrystals in tight-binding calculations to de-
termine the single-particle states and energies. Details on the
method are described elsewhere for PbSe,20 InAs,21 and Si.22

The size and energy gap of the nanocrystals considered in
this work are shown in Table I. Second, we consider an ex-
cited carrier of energy �, either a hole in the valence band
���0, the zero energy corresponding to the top of the bulk
valence band� or an electron in the conduction band ���0�.
The impact ionization rate is given by the Fermi golden rule
as

W��� = 2��V����2� f���/� , �2�

where V��� is the transition matrix element of the screened
Coulomb interaction and � f��� is the density of final states,
in which the carrier has relaxed and an extra electron-hole
pair is created. The energy being conserved in the impact
ionization process, W��� vanishes when the carrier excess
energy is smaller than �g �the carrier excess energy is equal
to �−�c for an electron and �v−� for a hole, where �c ��v� is
the lowest �highest� conduction �valence� level of the nano-
crystal�. A broadening of 5 meV of each peak in � f��� is used
to simulate the coupling of the electronic states to their en-
vironment, in particular, to the phonons.18

B. Results and discussion

1. Impact ionization lifetime

The evolution of the impact ionization lifetime �1 /W����
with the energy � of the carrier is shown in Fig. 1 for Si and
InAs nanocrystals. Quite similar results were obtained in
PbSe and PbS nanocrystals.15 As expected, there is an energy

TABLE I. Diameter �d� and energy gap ��g� of the nanocrystals
considered in this work.

d
�nm�

�g

�eV�

Si 2.7 2.1

Si 3.4 1.84

PbSe 1.9 1.89

PbSe 3.1 1.19

InAs 3.0 1.75

InAs 3.8 1.52

PbSe 2.5 1.52
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window around the gap, in which the impact ionization is not
allowed and its width increases with the confinement. Out-
side this window, the curves are almost independent of the
nanocrystal size. Near the thresholds, there are strong oscil-
lations of the impact ionization lifetime due to the scarcity of
the resonant states, as a consequence of the quantum confine-
ment. This effect is particularly important in the conduction
band of InAs nanocrystals ���0 in Fig. 1�b�� because the
conduction band minimum is nondegenerate in InAs and is
characterized by a small effective mass leading to large con-
finement energies. The oscillations were less visible in the
case of PbSe nanocrystals �Fig. 2 of Ref. 15� because of the
high multiplicity of the conduction and valence band ex-
trema.

Figure 2 reveals that the matrix element V��� is almost
constant as function of �, except close to the thresholds.
Therefore, the evolution of the impact ionization rate with
respect to the carrier energy � is mainly governed by the
density of final states � f��� �given in Fig. 1�b� of Ref. 15 for
PbSe�. We have verified that V��� is also nearly constant in
the case of InAs and Si. These results justify the approxima-
tion of a constant matrix element used in Ref. 16, except just
above the thresholds.

2. Multiple exciton generation induced by the impact ionization

Figure 1 shows that the impact ionization lifetime can be
extremely short at high carrier excess energy, in the tens of

femtosecond range, like in the case of PbSe and PbS.15,16

Our results prove that this conclusion does not depend on the
nature of the semiconductor. In order to evaluate the contri-
bution of the impact ionization to the MEG, we have numeri-
cally simulated the MEG, resulting from the following suc-
cessive processes: �1� the optical absorption that determines
the distribution of energies of the electron and the hole and
�2� the relaxation either by impact ionization or by emission
of phonons. We simulate the relaxation step by step, until
complete relaxation of all the generated carriers. The meth-
odology is described in our previous work.15 We assume that
the lifetime for the relaxation by electron-phonon scattering
is a constant 	ph independent of the energy, but we present
the results for different values of 	ph. In Fig. 3, we plot the
number P�h�� of generated excitons per nanocrystal and per
absorbed photon. With reasonable values of 	ph in the
10−13–10−12 s range, we see that P�h�� reaches values well
above one exciton, either in PbSe, Si, or InAs nanocrystals.
We deduce that the contribution of the impact ionization to
the observed MEG is probably non-negligible. In Ref. 10,
the authors found no evidence of MEG in CdSe and CdTe
nanocrystals even when the excitation energy h� exceeds
3�g. From our work, this would imply a lifetime 	ph smaller
than 10 fs, at least at high carrier excess energy. Therefore,
accurate determinations of intraband relaxation lifetimes in
nanocrystals are needed to conclude.

An interesting result of our simulations of the impact ion-
ization process in Si �Fig. 3�b�� and PbSe �Fig. 3�a� and Fig.
5 of Ref. 15� nanocrystals is that P�h�� underestimates the
observed MEG yields at high energy, not only for reasonable
values of 	ph but also for 	ph→
. We have also calculated
Pmax�h��, i.e., the maximum number of excitons that could
be created by impact ionization after excitation of an
electron-hole pair. Pmax�h�� is given by 1+ Pe+ Ph, where Pe
�Ph� is the integer part of the excess energy of the electron
�hole� divided by the gap energy �g.15 Figure 3�b� shows that
the experimental yields in Si nanocrystals are higher than the
calculated values of Pmax�h�� at high energy. We conclude
that the impact ionization alone cannot explain the experi-
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FIG. 1. Impact ionization lifetime �1 /W� versus the energy � of
the carrier in �a� Si and �b� InAs nanocrystals �solid line:
diameter=2.7 nm for Si and 3.0 nm for InAs and dotted line:
3.4 nm for Si and 3.8 nm for InAs�. The curves for different sizes
strongly overlap each other. The zero of energy corresponds to the
top of the bulk valence band.
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FIG. 2. Matrix elements V��� of the screened Coulomb interac-
tion involved in the impact ionization �Eq. �2�� versus the energy �
of the excited carrier in PbSe nanocrystals of diameter of 1.9 nm
���, 2.5 nm �*�, and 3.1 nm ���. In practice, we calculate the
average of the matrix elements over all the final states in an energy
window of 1 meV around �.
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mental results in PbSe and Si nanocrystals, even in the ab-
sence of relaxation by phonon emission.

The case of InAs nanocrystals �Fig. 3�c�� must be sepa-
rately discussed because the two experimental studies pub-
lished on this system report rather different MEG yields. In
Ref. 7, 	1.6 excitons are obtained per absorbed photon at
	2.7�g. Figure 3�c� shows that it represents a high value,
close to Pmax�h��, and well above our simulations, even for
	ph=1 s. At 2.7�g, Ref. 8 reports a lower value �	1.2� which
could be obtained in our simulations with 	ph
0.1 ns. Also,
compared to PbSe and Si, a lower threshold near 2�g is mea-

sured. Above this threshold, a linear growth of the MEG
efficiency is observed, with a slope of 	35% /�g instead of
	100% /�g in PbSe �Ref. 4� and CdSe,5 and 	150% /�g in
Si.9 As a consequence of the smaller slope in InAs nanocrys-
tals, the experimental efficiencies above 	3�g are close to
the theoretical values calculated with 	ph
0.1–1 ps �Fig.
3�c��. Therefore, the measurements of Ref. 8 could be ex-
plained in the impact ionization model if we assume that the
relaxation rate strongly depends on the carrier energy, which
is a possible situation due to the confinement effects which
are more important at lower exciton energy.

III. GENERATION OF MULTIEXCITONS

In order to explain the high MEG efficiencies in PbSe and
Si nanocrystals, it is necessary to take into account other
mechanisms, such as a strong coupling of the multiexciton
states together.4,15,17 In the following, we consider the ex-
treme case where all multiexciton states at a given energy are
so efficiently coupled by Coulomb interactions that the sys-
tem is capable to explore all of them before relaxation �we
leave out the question whether this process is coherent17 or
not4�. In this situation, it is reasonable to suppose that the
system will naturally relax in the multiexciton states which
have the higher density at the excitation energy h�.19 Thus,
we have calculated Nn�h��, i.e., the spectral density of the
n-exciton states, as a function of h� and for different values
of n �up to 6�.

A. Methodology

We consider all the states with n excitons, i.e., with n
electrons in the conduction states ���c

i � , i=1¯n� and n holes
in the valence states ���v

i � , i=1¯n�. The excitation energy is
�c

1−�v
1 for the first exciton, �c

2−�v
2 for the second one, etc.

Therefore, the total excitation energy is equal to �i=1
n ��c

i

−�v
i � and the spectral density Nn�h�� is given by

Nn�h�� = �
��c

i �,��v
i �

�
h� − �
i=1

n

��c
i − �v

i �� , �3�

where the sum is over all the possible configurations with n
electrons and n holes, excluding the situations where the
Pauli exclusion principle is not verified. We broaden each
delta function by a Gaussian of full width at half maximum
of 0.047�g. In Eq. �3�, the multiexciton energies are evalu-
ated using single-particle energies, neglecting interparticle
Coulomb and exchange couplings. We will discuss this point
later and in Appendix A. Because the calculations require
heavy computational resources, the spectral densities are cal-
culated in the limited range of energy necessary to perform
the following calculations.

In order to quantify the MEG in this model and to com-
pare to experiments, we have calculated the average multi-
plicity �Nx�h��� of photogenerated excitons from the spectral
densities of multiexciton states. Following Schaller and
Klimov,19 we write �Nx�h���=�nnpn�h��. From Eq. �1�, we
obtain
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FIG. 3. Full lines: calculated number of excitons obtained by
impact ionization as a function of the pump photon energy normal-
ized by �g in �a� PbSe �diameter=3.1 nm�, �b� Si �diameter
=2.7 nm�, and �c� InAs �diameter=3.0 nm� nanocrystals. Pmax is
the maximum number of excitons which could be obtained by im-
pact ionization with electron and hole energies determined by the
absorption process; the other curves correspond to the full simula-
tion �P�h��� for different values of the lifetime 	ph for the relaxation
by phonon emission. The dotted lines represent experimental yields:
results of Ref. 4 for PbSe �a�, of Ref. 9 for Si �b�, and of Ref. 8 for
InAs �c� ��: result of Ref. 7�. The results for PbSe �a�, already
shown in Ref. 15, are reproduced here for comparison.
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�Nx�h��� =
�nnNn�h��
�nNn�h��

. �4�

B. Results and discussion

1. Spectral densities of multiexciton states

Figure 4 shows the spectral densities in PbSe, Si, and
InAs nanocrystals, calculated from Eq. �3�. The overall be-
havior is the same in the three materials. The most striking
feature of the spectral densities is their variation over several
orders of magnitude because there is an increasing number of
ways of distributing the energy between n excitons.15,16 This
effect is particularly visible in a simple model which as-

sumes a constant density of single-particle states �Appendix
B�.

Nn�h�� presents a sharp increase with energy just above a
threshold determined by the energy conservation and the
Pauli exclusion principle. This threshold is close to n�g for
all investigated values of n in PbSe and Si nanocrystals, but
only for n=1 and n=2 in InAs nanocrystals where the
thresholds for n
3 are shifted to higher energy. This distinct
behavior is due to the twofold degeneracy of the lowest
empty state in InAs nanocrystals, while there is a manifold of
12 and 16 states in Si �Ref. 22� and PbSe �Ref. 20� nano-
crystals, respectively, due to the higher multiplicity of their
conduction band minima �intervalley splittings are not vis-
ible at the scale considered here�.

In spite of the sharp increase above their respective
threshold, Nn�h�� and Nn+1�h�� do not intersect at the energy
�n+1��g, but at a higher energy that we denote ��n �n+1�.
The position of the intersection points depends on the shape
of the spectral densities, thus on the nature of the semicon-
ductor. However, the difference ��n �n+1�− �n+1��g always
strongly increases with n. For example, the intersect between
N2�h�� and N3�h�� takes place above 4�g in PbSe �Fig. 4�a��,
thus we expect a number of photogenerated excitons at maxi-
mum equal to 3 for h��4�g.

2. Average multiplicity of excitons in PbSe nanocrystals

Figure 5�a� shows the average multiplicity �Nx�h��� in a
PbSe nanocrystal calculated from Eq. �4�. �Nx�h��� is a
smoothed staircase function of the excitation energy, with a
step at each energy ��n �n+1�. This shape could be expected
from the behavior of the functions Nn�h��. In addition,
�Nx�h��� presents a sharp threshold just above h� /�g=2 and
overestimates the experimental yields for h� /�g�3.8.4 On
the contrary, at higher energy, �Nx�h��� clearly underesti-
mates the experimental values.4 A MEG efficiency of 600%
is reported at h� /�g
7, which implies that the system is
able to relax into states with six excitons whereas, at the
same energy, there is a much higher density of states with
four or five excitons �Fig. 4�a��. In the picture of coherent
superposition of multiexciton states,17 this means that the
system decays �decoheres� into states with a much lower
density, which requires a very efficient process. This would
be possible for example if the relaxation by electron-phonon
scattering is much faster in states with six excitons than with
four or five excitons, which remains to be proven �but this
point was discussed in Ref. 17�.

In order to see how the relaxation rate should depend on
the multiplicity to interpret the experimental data, we use a
new expression for the probability of a n multiplicity ��1
=1�,

p̃n�h�� =
�nNn�h��

�n�nNn�h��
, �5�

and for the average multiplicity,

�Ñx�h��� = �
n

np̃n�h�� =
�nn�nNn�h��
�n�nNn�h��

. �6�
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FIG. 4. Spectral densities Nn�h�� of n-exciton states versus the
excitation energy h� in �a� PbSe, �b� Si, and �c� InAs nanocrystals
�diameters of 3.1, 3.4, and 3.8 nm, respectively�. The multiplicity n
is indicated for each curve. The nonzero density below the thresh-
olds is just an effect of the broadening used in the calculations.
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The coefficients �n are parameters �Table II� that we ad-

just to fit �Ñx�h��� on the variations of the experimental
MEG yields with excitation energy. The amplitude of these
coefficients gives an idea of the relative strength of the re-
laxation processes in each excitonic channel needed to ex-
plain the experiments. In the case of PbSe nanocrystals �Fig.
6�a��, a linear variation and an excellent fit can be obtained.
Interestingly, with these parameters �Table II�, the probabili-
ties p̃n�h�� have a remarkable peaked shape �Fig. 7� that
closely resembles to the one deduced by Schaller and
Klimov19 from experiments. In that case, the intersects be-

tween the functions �nNn�h�� are distributed at a regular in-
terval close to �g.

3. Average multiplicity of excitons in Si nanocrystals

The results for �Nx�h��� and �Ñx�h��� in Si nanocrystals
are presented in Figs. 5�b� and 6�b�, respectively. Like in
PbSe, �Nx�h��� is too high compared to experiments for
h� /�g�3.2 and is too small above. Good agreement with

experiments is obtained with �Ñx�h���, in which �2 and �3
are fitted parameters �Table II�. The coefficients �4, �5, and
�6 cannot be derived because the MEG yield in Si nanocrys-
tals has been measured in a smaller energy scale �h� /�g
�3.4� than in PbSe due to the larger band gap of Si.9 So, we
kept the same values for �4, �5, and �6 as for PbSe, just to
visualize possible trends at higher energy. The fitted curve
reproduces the high experimental slope of 	150% /�g,9

which requires a coefficient �3 higher than in PbSe �0.2 in-
stead of 0.02�. Above h� /�g
3.4, a smaller slope is ex-
pected in average; otherwise, the MEG efficiency would ex-
ceed the maximum imposed by the energy conservation.

4. Average multiplicity of excitons in InAs nanocrystals

As previously discussed, the case of InAs nanocrystals
�Figs. 5�c� and 6�c�� is distinct from PbSe and Si. �Nx�h��� is
already in good agreement with the value of 	1.6 excitons
per absorbed photon at h� /�g
2.7 reported in Ref. 7. Also,

we have found that it is more difficult to fit �Ñx�h��� to the
experimental values of Ref. 8 because it is impossible to get
at the same time a threshold at h� /�g
2 and a slope of
	35% /�g. The small slope requires to reduce the values of
�2 and �3, which tends to shift the threshold to higher energy.
A typical example is shown in Fig. 6�c�.

5. Discussion

The comparison between the different materials shows
that the coefficients �n are not universal �Table II�. However,
clear trends can be seen. The coefficients �2 and �3 are
smaller than 1, which means that either the relaxation is
more efficient in single-exciton states than in biexciton and
triexciton states or the system has a small probability to go
from single-exciton states to biexciton states before relax-
ation by electron-phonon scattering. The latter case corre-
sponds to the model discussed in Sec. II, where the impact
ionization process is in competition with the phonon cooling.
We believe that it is the likely situation at low energy �for

TABLE II. Coefficients �n used to adjust the average multiplic-

ity �Ñx�h��� on the experimental MEG yields ��1=1�. In the case of
Si and InAs, only �2 and �3 are adjusted due to the limited range of
energy in which the MEG yields have been measured.

�2 �3 �4 �5 �6

PbSe 0.01 0.02 3 104 5�108

Si 0.01 0.2 3 104 5�108

InAs 0.01 2�10−4 3
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FIG. 5. Average multiplicity of excitons �Nx�h��� determined
from the spectral densities Nn�h�� using Eq. �4� in PbSe �a�, Si �b�,
and InAs �c� nanocrystals �diameters of 3.1, 3.4, and 3.8 nm, re-
spectively�. The dotted lines are the experimental MEG yields of
Ref. 4 for PbSe, Ref. 9 for Si, and Ref. 8 for InAs ��: result of Ref.
7�.
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example h� /�g�3.5� by taking into account our results of
Figs. 1 and 3, showing that the impact ionization is probably
not sufficiently efficient compared to the relaxation by pho-
non emission. The position of the threshold in PbSe and Si
nanocrystals well above h� /�g=2 supports this conclusion.

The situation at higher energy �h� /�g�3.5� is different
since the coupling of single-exciton states to multiexciton
states probably becomes competitive compared to the pho-
non relaxation �Fig. 3�. If the system can be in a superposi-
tion of multiexciton states, our results show that it is impor-
tant to consider the rapid variation of their densities with the
energy. In the case of PbSe nanocrystals, we deduce from the

simulations that coefficients �4, �5, and �6 larger than 1 and
varying over several decades are needed to interpret the ex-
perimental MEG efficiencies. In particular, �5 and �6 are
higher than �2 by 6 and 10 orders of magnitudes, respec-
tively, which seems to be unrealistic. We conclude that the
high MEG efficiencies in PbSe nanocrystals cannot be ex-
plained in this model either.

Finally, we believe that all these conclusions would not be
altered if we include interparticle Coulomb interactions in
the calculations. The reasons are discussed in Appendix A.

IV. CONCLUSION

In conclusion, we have performed calculations of the
electronic structure of PbSe, Si, and InAs nanocrystals to
study the generation of multiple excitons which has been
reported in several experimental works. In the first part of the
paper, we have considered the impact ionization process and
we obtain that its rate strongly varies with the energy, fol-
lowing closely the behavior of the density of final states, in
which the relaxation of the carrier has induced the creation of
an extra electron-hole pair. In all the materials, we predict
impact ionization lifetimes as low as 10 fs at high excess
energy of the carriers, but we show that it is not sufficient to
explain the highest MEG efficiencies measured in PbSe and
Si nanocrystals. This conclusion may differ in the case of
InAs nanocrystals if the lower MEG efficiencies are experi-
mentally confirmed.

In the second part of the paper, we have considered a
model in which, after photoexcitation, the system is in a
superposition of multiexciton states. In that case, the densi-
ties of multiexciton states play an important role in the prob-
lem due to their rapid variation with the energy over several
orders of magnitude. If there is superposition of multiexciton
states, the experimental results on PbSe and Si nanocrystals
can be only understood if the decay rate is smaller in the
biexciton and triexciton states than in single-exciton states.
On the contrary, at higher photon energy, the high yields
reported in PbSe nanocrystals cannot be explained in this
model because they would require extremely efficient decay
processes in five- and six-exciton states whereas, compara-
tively, they are characterized by a negligible density at these
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FIG. 6. Average multiplicity of excitons �Ñx�h��� in �a� PbSe
�diameter=3.1 nm�, �b� Si �diameter=3.4 nm�, and �c� InAs
�diameter=3.8 nm� nanocrystals determined from the spectral den-
sities Nn�h�� using Eq. �6� and the coefficients �n of Table II. Dot-
ted lines: experimental MEG yields of Ref. 4 for PbSe, Ref. 9 for
Si, and Ref. 8 for InAs ��: result of Ref. 7�.
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energies. Our work shows that measurements of the MEG
efficiency at higher energy could be interesting in Si and
InAs nanocrystals to settle the mechanism of direct photoge-
neration of multiexcitons. Also, other models like the one
recently presented by Rupasov and Klimov23 should be con-
sidered in future works. Finally, we confirm the need to have
a better knowledge of phonon-assisted relaxation processes
as a function of the carrier energy.

APPENDIX A: INTERPARTICLE INTERACTIONS
IN MULTIEXCITON STATES

All calculations that we have performed are based on the
independent particle approximation. In this appendix, we es-
timate the effects of interparticle interactions on the multiex-
citon spectral densities. We show that they do not modify the
conclusions of the paper. In principle, electron-electron,
hole-hole, and electron-hole interactions could be described
by using a multiconfiguration interaction technique. This
type of calculation has been used to study the lowest states of
single excitons,18,24–26 but it requires heavy computational
resources and becomes inapplicable for high energy multiex-
citon states. However, we consider nanocrystals in the strong
confinement regime, meaning that quantum confinement ef-
fects dominate over correlation effects. The total wave func-
tion of the excited system can be approximately written as a
product—or as a Slater determinant—of single-particle states
and we have just to calculate the total energy as an average
of the Hamiltonian in this configuration.18,27 For a n-exciton
state, the total energy of excitation with respect to the ground
state is given by

Eexc
n 
 �exc

n + ��� + �ECoul� , �A1�

where �exc
n is the single-particle energy of the n-exciton state

�given by �i=1
n ��c

i −�v
i � in Eq. �3��, ��� is the total self-energy

correction,18,28 and �ECoul� is the average of the screened
Coulomb interactions between all �quasi�particles in this
configuration. Equation �A1� only contains the main correc-
tions to the single-particle energy.18,21 Previous works based
on GW calculations28 showed that the self-energy term is
mainly given by the interaction between the charge carriers
and the polarization charges induced by their own presence
in the nanocrystal and can be safely calculated using classi-
cal electrostatic theory, in which the nanocrystal is described
by its dielectric constant �in. By separating the contributions
coming from the n holes �h� and n electrons �e�, Eq. �A1�
can be rewritten as

Eexc
n 
 �exc

n + n�e + n�h + Vee + Vhh + Veh, �A2�

where �e ��h� is the self-energy correction for one electron
�hole�, Vee �Vhh� is the interelectron �hole� Coulomb interac-
tion energy, and Veh is the contribution coming from the
electron-hole interactions. All these quantities have already
been estimated in the case of single excitons using the
single-particle wave-function sin��r /R� /r of effective mass
theory and these approximations have been justified by more
elaborate calculations.18,28–30 By assuming the same wave
function for all the particles, the average of the screened

Coulomb interaction between two electrons �or two holes� is
given by18,29,30

VCoul = 1.79
e2

�inR
+

�eh��in − �out�
R

, �A3�

where �eh=e2 / ��in�out� and �out is the dielectric constant of
the material surrounding the nanocrystal. We deduce the in-
teraction energies between the n electrons and n holes,

Vee = Vhh =
n�n − 1�

2
VCoul. �A4�

Veh = − n2VCoul. �A5�

The self-energies are given by18,30 �e=�h=�1��in
−�out� / �2R�, where

�1 =
e2

�in�out
+

0.933e2

�in��in + �out�
−

0.376e2�out

�in��in + �out�2 . �A6�

By injecting these quantities into Eq. �A2�, we obtain that
the correction to the single-particle energy for a n-exciton
system is just equal to n times the single-exciton binding
energy EBX,

Eexc
n − �exc

n 
 − nEBX

EBX = �1.79
e2

�in
+ ��eh − �1���in − �out��/R . �A7�

Thus, the main effect of interparticle interactions is a red-
shift of the multiexciton spectra. The single-exciton thresh-
old shifts from �g to �g−EBX=�g�, the two-exciton threshold
from 2�g to 2�g−2EBX=2�g�, and the n-exciton threshold
from n�g to n�g�. In these conditions, the plot of the multiex-
citon spectra versus h� /�g� is exactly the same as in the in-
dependent particle approximation because everything is
scaled by the same quantity �g�.

We conclude that the results of the paper are not influ-
enced by the main contributions to the Coulomb interactions
and more generally by any correction to the total excitation
energy, which is directly proportional to the number n of
excitons. Corrections which do not scale in direct proportion
to n could be induced by exchange-correlation terms by the
couplings between different Slater determinants �denoted
exciton-exciton interactions hereafter�. However, previous
calculations have shown that these terms are quite small
compared to −nEBX, as well as those coming from the level
dependence of the Coulomb interactions and of the self-
energy shifts.18,24–26 For R
1–2 nm and �in
10, these cor-
rections are typically in the range of tens of meV compared
to EBX which is of the order of hundreds of meV �Eq. �A7��.
The magnitude of the exciton-exciton corrections is also con-
firmed by several experimental results. The biexciton binding
energy, which is the difference between single-exciton and
biexciton emission energies, is typically measured in the re-
gion of tens of meV.31–34 Recently, the P-P emission from
triexciton states has been observed by several groups in
CdSe nanocrystals.34–36 This emission is found blueshifted
with respect to the single-exciton P-P transition measured by
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optical absorption, but the shift is typically between 50 and
100 meV, as confirmed by theoretical calculations.37

Now, we estimate the effect of these exciton-exciton in-
teractions on the parameters �n used to fit the average mul-
tiplicity �Ñx�h��� on the experimental MEG yield in the case
of PbSe nanocrystals.4 We assume a biexciton binding en-
ergy of 30 meV, which is probably an upper value taking
into account the large dielectric constant of PbSe ��
=23�.20

We simply apply a rigid redshift of 30 meV to the biexciton
spectral density N2�h��, keeping �g constant �or equivalently
�g� as discussed above�. A redshift of 2�30=60 meV is con-
sidered in the case of N3�h��, which is consistent with the
values reported for the triexcitons in CdSe nanocrystals.34–36

Similarly, we apply redshifts of 90, 120, and 150 meV to
four, five, and six-exciton spectral densities, respectively. Us-
ing �2=0.007, �3=0.015, �4=1, �5=1200, and �6=3�107,
we obtain once again an excellent fit to the experimental
MEG yield, like in Fig. 6�a�. The values of �n are modified
compared to those reported in Table II but the magnitudes
remain the same, strengthening our previous conclusions. In
particular, the high values of �5 and �6 remain unrealistic.

APPENDIX B: SPECTRAL DENSITIES OF
MULTIEXCITON STATES IN A MODEL SYSTEM

We consider a simple model, in which the density of
single-particle states is a constant Nc in the conduction band

and Nv in the valence band �confinement effects are ne-
glected�. From Eq. �3�, the spectral densities of multiexciton
states are given by

N1�h�� = NcNv�h� − �g� , �B1�

N2�h�� =
�NcNv�2

24
�h� − 2�g�3, �B2�

N3�h�� =
�NcNv�3

4320
�h� − 3�g�5, �B3�

N4�h�� =
�NcNv�4

2 903 040
�h� − 4�g�7, �B4�

N5�h�� =
�NcNv�5

5 225 472 000
�h� − 5�g�9, �B5�

N6�h�� 

�NcNv�6

2.069 286 912 � 1013�h� − 6�g�11. �B6�

These expressions explain the rapid variation of the spec-
tral densities with h� over several orders of magnitude.
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